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Invariant amplitudes for coherent electromagnetic pseudoscalar production from a 
spin-one target (II): crossing, multipoles and observables * 

Hartmuth Arenhovel 
Institut fiir Kernphysik, Johannes Gutenberg-Universitdt, D-55099 Mainz, Germany 

The formal properties of the recently derived set of linearly independent invariant amplitudes for 
the electromagnetic production of a pseudoscalar particle from a spin-one particle have been further 
exploited. The crossing properties are discussed in detail. Since not all of the amplitudes have simple 
crossing behaviour, we introduce an alternative set of basic amplitudes which are either symmetric 
or antisymmetric under crossing. The multipole decomposition is given, and the representation 
of the multipoles as integrals over the invariant functions weighted with Legendre polynomials is 
derived. Furthermore, differential cross section and polarization observables are expressed in terms 
of the corresponding invariant functions. 

I. INTRODUCTION 



^ . Recently we have derived a set of 13 linearly independent invariant amplitudes for the electromagnetic production of 
a pseudoscalar particle from a spin-one particle in [n| . These amplitudes respect Lorentz and gauge invariance and the 
CN| , T-matrix can be represented by a linear superposition of them with invariant functions as coefficients, which depend 
on the Mandelstam variables only. Nine of these amplitudes are purely transverse and describe photoproduction while 
the remaining four appear in electroproduction in addition, describing charge and longitudinal current contributions. 

In the present work we want to elaborate this formalism in further detail by exploring, for example, the crossing 
properties of the amplitudes and corresponding invariant functions and deriving explicit expressions for the observ- 



, ables. To this end, we first review briefly in Sect. |n| the set of basic amplitudes and discuss then in Sect. Ill their 
' crossing properties. In view of the fact that not all 13 basic amplitudes introduced in 0] have simple crossing prop- 
, erties, we propose another alternative set of amplitudes which are either symmetric or antisymmetric under crossing. 



On ■ As next the multipole decomposition of the T-matrix will be discussed in Sect. IV where we give explicit expressions 
\ of the multipoles as integrals over the invariant functions weighted with linear combinations of Legendre polynomials. 
^ . Then, in Sect. we will define the various observables, i.e., differential cross section, beam and target asymmetries 
■ and the final state polarization observables. They are represented by structure functions which can be expressed in 
terms of the invariant functions. 



II. BRIEF REVIEW OF THE INVARIANT AMPLITUDES 



- T— I I 

■ As in j^, we consider as basic reaction the coherent pseudoscalar production by photoabsorption or electron 
^ , scattering from a spin-one target 
_ _ I 

-1^*\k)+D{p)^D(j>') + Ii{q), (1) 

where the real or virtual photon has momentum k and polarization vector e, Z? is a spin-one particle of mass Af, 
henceforth called D for brevity, with initial and final momenta p and p' and {S — l)-spinors U{p, m) and U{p' , m'), 
respectively, and 11 a pseudoscalar meson of mass m, henceforth called 11, with momentum q (see Fig. |^). 

As a first step we had derived in Q using the principles of Lorentz covariance and parity conservation a set of basic 
amplitudes for the representation of the invariant reaction matrix clement M fi- They are listed in Table |, where we 
use as a shorthand U' for W{p' , m!) and U for U{p, m). Furthermore, we have introduced for convenience a covariant 
pseudoscalar by contraction of the four-dimensional Levi-Civita tensor e^"''"^ with four Lorentz vectors a, 6, c and d 

Sia,b,c,d)^e''''P^a^b,Cpd^. (2) 
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Requiring in addition gauge invariance we were led to a restricted set of 13 gauge invariant amplitudes which are 
listed in Table ||. Then the invariant matrix element can be represented as a linear superposition of this set of basic 
amplitudes, i.e., 

13 

Mf, = Y,Pc,{s,t,u)nc,, (3) 

where Fa{s,t,u) denote invariant functions which depend solely on the Mandelstam variables s, t and u, defined as 
usual by 

S^{k+p)\ t^{k-q)\ u^{k~p')\ (4) 

of which only two are independent, for example, s and t. It is obvious that the specific form of the invariant functions 
Fq(s, i, u) will depend on the detailed dynamical properties of the target and the produced meson. 

The first nine amplitudes of Table |l^ are purely transverse in the cm. frame of photon and target particle, and 
thus are well suited for describing photoproduction. However, the remaining four, which in addition are needed in 
electroproduction, contain besides charge and longitudinal current components also transverse current pieces. For 
this reason we had replaced in ^ the last four amplitudes of Table ^ by equivalent amplitudes fi^ which are purely 
longitudinal in the cm. frame. This could be achieved by using the following relations given in Eqs. (33) through 
(36) of which we repeat here in a more compact form because there some closing brackets were missing and, more 
importantly, the term containing fig should not have been present in Eq. (34), 

k ■ pnf(k,x) - kl nf{p,x) = {kl + k-p) nh(k,x) - klnh{q,x) 

-[k,p;k,q]nb{k,p,x) + [k,p;k,p] VLb{k,q,x) , (5) 
k-pflg{x, k) - k1 flg{x,p) = k -pflhix, k) - k^ flh{x,q) 

+ [fc,p;fc,g]Oc(fc,p,a;) - [k,p;k,p]nc{k,q,x) , (6) 

where x G {fc, q}, and the symbol [a, 6 ; c, d] is defined by 

[a, b;c,d] (a • c)(6 • rf) - (a • d){b ■ c) . (7) 

Therefore, we had replaced the last four amplitudes of Table || by the equivalent ones {fla) as given on the left 
hand side of (|^) and (^) to be used for the longitudinal contributions in electroproduction. They are related to the 
ft a according to (^) and (||) by 

^w/ii = {kl + k ■ p)n2/3 - kl^i/^ - [fc,p;fc,g]f76/7+[/c,_p;/c,_p]f^io/ii, (8) 
f^i2/i3 = k-pVL2/i + [fc,p; fc, g] VL^/g - [fc,p; fc,p] 1^12/13 • (9) 
Then the reaction amplitude of (||) becomes 

13 

■^/' = (10) 

a=l 



where Via = for a = 1, . . . , 9, and for a = 10, ... , 13 they are listed in Table HI. Furthermore, the associated new 
invariant functions Fa{s,t,u) are related to the Fa{s,t,u) introduced previously by 

^ {{kl + k-p)Fio-k-pF,2), 







F2 


= F2- 




= F3- 




= Fi + 




^F5 + 



[k,p]k,p 

kl+k-p 
^ Fi 



[k,p;k,p] 

{klF.o + k ■ pF,-i) , 



[k,p;k,p\ 

M ^ 

[k,p;k,p] 
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~ _ [fc,p;fc,g] 

^12/13 = ^77 ; — \Fi2/i3- (11) 

In these relations, one has to express the various kinematic factors in terms of the Mandelstam variables by using 

k-p^]^{s~M^ + K^), (12) 

k-q = ]^{m^ -K^ -t), (13) 

p • g = i (s + t - Af 2 + ^ (14) 

with = — fc^. Since [k,p\k,p\ = —{K'^M'^ + {k ■ pf) < 0, no kinematic singularities are introduced by these 
transformations. ^ 

For the study of the crossing properties of the Fa, the following inverse relations are useful 



F2 


^F2 + ikl + k- p)Fw + k ■ pFi2 


Fs 


= F, + {kl + k-p)Fn, 


Fi 


= F4 + klFio - k ■ pAz , 


Fr, 


- F5 - klFn , 


Fe/7 


= Fe/r - [k,p;k,q] i^io/n , 


Fg/g 


= -^8/9 + [k,p;k,q] F12/13 , 


^10/11 


= [k,p;k,p]Fio/ii , 


^12/13 


= -[k,p;k,p]Fi2/i3 ■ 



(15) 

Although these new amplitudes allow a clear separation of the invariant functions into longitudinal and transverse 
contributions, they also carry a disadvantage, namely a much more complicated crossing behaviour as is discussed in 
the next section. 



III. CROSSING PROPERTIES 



Now we will study the crossing properties of the invariant functions with respect to the interchange of the initial 
with the final spin-one particle. To this end we will study the general structure of the reaction matrix shown in Fig. 
|l| for the s- and u-channels in analogy to electromagnetic pion production on the nucleon |^ . The reaction matrix is 
governed by the current operator 

f^D n (^) = *k M (^) J"'" i=^)'^D,pix)'i>nix). (16) 

Here, ^u{x) represents the usual field operator of a neutral pseudoscalar field and $^(a;) the one of a charged, massive 
vector field 

^%ix) ^N^J2j^^ {u^iP^ ^) ^d{p, A)e"'P- + U^*{p, A) ijt (p, A)e^P--) , (17) 

where N^^ is a normalization constant, U^{p,X) a polarization vector, A]j(p,X) the anihilation operator of a D- 
particle with momentum p and helicity A, and -B|^(p, A) the creation operator of a corresponding antiparticle D. 
These operators transform under charge conjugation 
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CAd{p,X)C-' =Bs{p,X), (18) 
CBt(p,A)C-i -At,(p,A), (19) 
C Wip, X)C-^ ^ W^ip, A) . (20) 

For the s-channel, i.e., pseudoscalar production on D, one obtains for the current matrix element 

{Dip', A')n((7)|e.(fc, A^) j;^n(0)|i?(p, A)7(fc, A^)) = 

13 

FUs, t, u) Ulip', A') e,{k, A^) ©^''(fc,^, q) Up{p, A) . (21) 



Similarly, one finds for the it-channel, i.e., 11 production on a 

{D{-p, A)n(g)|e,(fc, A^) f^o^moi-p' , \')^{k, A^)) = 

13 

Nl F^{s, t, u) U^{-p', A') e,(fc, A^) Or''(fc,P, ?) U;{-p, A) . (22) 

a=l 

Now using invariance under charge conjugation of e^j'^ and the transformations 

c\j{k,x,))^-\j{k,x^)), c\D{p,x)) ^\D{p,x)), c\n{q)) = \n{q)) , (23) 

one finds 

{Dip', A')n(g)|e,(fc, A^) j^^n(0)|i?(p, A)7(fc, A^)) = 
Inserting the explicit expressions from (|T]) and (p^), one obtains the general crossing relation 

13 



Dip', A')n(g)|e,(fc, A^) J^^n(0)|5(p, A)7(fc, A^)) . (24) 



Y Fcis, t, u) Ulip', A') e,(fc, A^) O^ik,?, q) Upip, A) = 

a=l 

13 

- Y Fain, t, s) U^ip, A) e,(fc, A^) ©^^''''(fc, -p', q) U;ip', A') . (25) 



Introducing the transformation of the basic amplitudes Qa under crossing, i.e., U*ip',X') U{j),X) and p ^ —p' 
{s ^ u), according to 

C!„ = Ulip', A') e.Or''(fc,P, 9) C^p(P, A) 

crossi^ng ^ 6.0r''(fc, ?) f/;(p", A') , (26) 

the general crossing relation of ( p5| ) then reads 

13 13 

YFc.is,t,u)n^ =-Y,Fc.iu,t,s)Q.l. (27) 

a— 1 a — 1 

From the explicit expressions of the basic amphtudes in Table ^ one finds easily the following crossing transformations 

n,ie,U' ,U) ^ -n,ie,U' ,U) , 

^hix,y) -Q.hix,y) , 
^b/cik,p,x) -> nc/bik,p,x) - nc/bik,q,x) , 

^b/cik,q,x) ^ -nc/bik,q,x) , (28) 
for x,y £ {k,q}. This leads to the crossing transformations of the gauge invariant amplitudes of Table || 
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— O for rv — 


^3/4 


— ^4/3 1 


^6/7 


J 's /Q — J ' 1 9 / 1 . 


"8/9 — 


^6/7 ~ ^^10/11 I 


"lO/ll ~ 


~^12/13 1 


"12/13 ~ 


— ^^10/11 • 



Thus the crossing relation 



(29) 

requires the invariant functions Fa{s,t,u) to possess the following crossing properties 
Fq,(s, t, u) — Fa{u, t, s) , for a = 1, 2, 5 , 

F(i/j{s, t, u) = -Fs/g{u, t, s) , 
F8/9{s, t, u) = -Fq/j{u, t, s) , 
Fw/ii{s,t,u) = Fg/g{u,t,s) + Fi2/i3{u,t,s) , 

Fi2/i3{s,t,u) = FQ/T{u,t,s) +Fio/ii(w,i,s) . (30) 



For the alternative basic amplitudes fla one finds for a = 1, . . . , 5 the same crossing behaviour as for fla in ( |2£ 
For the other amplitudes one has to eliminate from the above crossing transformations the amplitudes fiio/.../i3 by 
using (H) and (||) resulting in 



1 



[k,p;k,p] 
1 



8/9 



[fc,p;fc,p] 
1 



{~k ■ p^2/i + [fc,p ; fc,p']f^8/9 - ^^12/13) , 

{{kl + k ■ p)n2/3 - kl il4/5 + [k,p; k,p']he/7 - f^io/11) , 



^10/11 = rt. 1 ik,P;q,P\^2/4 + kl [k,p]k,p]fl3/5 



n 



+{{k-pf - [k ■ p'f)[k,p' ■ fc,p']r!8/9 + [k,p' ■ fc,p]r!i2/i3) , 

[kl [k,p;{k+p),q\n2/3 + k^ [/c,p' ; A:,p]f^4/5 
((fc -p)^ - {k-p f )[k,p;k,p]nQp + [/c,p' ;fc,p]r2io/ii) . 



(31) 



Correspondingly, the crossing properties of the invariant functions Fa{s,t,u) are more involved. Explicitly one finds 
using either mW) or (30) in conjunction with (O) and ([l5|) 



Fi(s,i, M 
F2{s,t,u 

F3{s,t,u 

F4,{s, t, u 

F5{s,t,u 

FQ/^{s,t,u 



Fi{u, t, s 
F2{u,t, s 



{k ■ p Fe{u, t, s)-{kl + k- p) Fs{u, t, s) 



[k,p;k,p] ' ' ^ 

+kl [k,p;q,p] Fio{u,t,s) - kl [k,p;{k + p),q] Fi2{u,t,s)) , 

F4 (u, t , s) - \ {{kl + k-p)Fg{u,t,s) 
[k,p;k,p\ 

+kl [k,p;k,p] Fio{u,t,s) + kl [k,p;{k + p),q] Fi3{u,t,s)) , 



F3iu,t,s) + 



[k,p;k,p 



{k-p Fj{u, t, s) + kl Fsiu, t, s) 



+kl [k,p;q,p] Fii{u, t, s) ~ kl [k, p' ■,k,p] F12 {u, t,s)), 



1 



-{klFQ{u,t,s) 



[k,p;k,p\ 

-kl [k,p;k,p] Fii{u,t,s) ~ kl [k,p ■,k,p] Fi3{u,t,s)) , 
1 



[k,p;k,p\ 



{~[k,p' ■,k,p]Fs/g{u,t,s) 



+ {{k ■ pf - (fc • p'f) [k,p' ; k,p'] F,2/i3{u, t, s)) , 
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Ps/9{s,t,u) = j^—^-^{~[k,p';k,p]Fe/7{u,t,s) 

-{{k ■ pf - [k ■ p'f ) [k,p' ■ fc,p'] i?io/ll(^^, i, s)) , 
Fw/ii{s,t,u) = — — (F8/9(u,t,s) - [/c,p';fc,p']Fi2/i3(u,t,s)), 

[li,P , K,p\ 

Fi2/i3{s,t,u) = — — ^-—{Fe/7{u,t,s) - [k,p' ■,k,p']Fw/ii{u,t,s)) . (32) 

[K,p , K,p\ 

If one wants simpler crossing properties of the basic amplitudes and invariant functions, one can introduce another 
alternative set of gauge invariant amplitudes Via by taking appropriate linear combinations of the original ila 

(33) 
(34) 

(35) 

(36) 

(37) 
(38) 





— Qa 1 for a 


= 1,2,5 




= r!3 ± r!4 , 


2^10/12 


^6/8 


= rig ± rig - 


^7/9 




2^11/13 




— illO ± f^l2 




f^ll/13 


= flu ± ili3 





The explicit forms of those which are different from fl^ are listed in Table IV where we have introduced in addition 
to the shorthand [a, 6 ; c, d] defined in (|^) 

{a,b;c,d} := {a ■ c){b ■ d) + {a ■ d){b ■ c) , (39) 
S^{x) ■.^ef'''P''e,kpX^. (40) 

Then one may represent the invariant matrix element M fi in terms of these new amplitudes introducing appropriate 
new invariant functions Fa{s,t,u) by 

13 

X/« = ^i^a(s,t,u)^^a. (41) 

Q = l 

The Fa are related to the original invariant functions Fa by 



Fa = 


Fa, for a ~ 


1,2,5, 


F3/4 = 


\ (Fs ± F,) , 




-^6/8 = 


I {Fe ± Fs ) , 




-^^7/9 = 


I (Ft ± F,) , 




^10/12 = 


2 (^10 ± F12 


+ i (Fe ± Fs)) , 


-Pll/13 = 


2 (^11 i -^^13 


+ i (F7 ± i^g)) . 



(42) 



The new amplitudes fla now have very simple crossing properties, namely 



^c^f for a = 1,2,3,5,8,9,10,11, 

" \ -ha, for a = 4, 6, 7, 12,13, ^ ' 

from which follows a correspondingly simple crossing behaviour of the Fa 

p r Fa{u,t,s) for a = 4, 6, 7, 12, 13, 

^ ^ \-Fa{u,t,s), for a = 1,2,3,5,8,9, 10,11. ^ ' 

However, one has to keep in mind that these new amplitudes do not separate into transverse and longitudinal ones. 
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IV. MULTIPOLE DECOMPOSITION 



As in ^ , we choose as basic reference frame one which has its z-axis paraUel to the incoming real or virtual photon. 
For real photons the x-axis is chosen in the direction of maximal linear polarization, whereas for virtual photons the 
y-axis is taken perpendicular to the electron scattering plane, i.e., parallel to fc^"** x k!f^ where and klf'' denote 
the lab frame momenta of the initial and the scattered electrons, respectively. The final state is described by the 
angles 9 and </) of the momentum q with respect to the basic frame of reference. 

Taking the representation of the {S = l)-spinors as given in (37) and (38) of 0], the helicity representation of the 
invariant amplitude can be written in the form 

Tyx^xie, <j,) = e'^^--^^Hx'xAS) (45) 

with 

q,a'a.,a(^), (46) 

a 

thus separating the 0-dependence. Here, Fa and may be replaced by Fa and ^a or Fa and JIq depending on the 
choice of basic amplitudes. Explicit expressions of the helicity matrix elements of the various invariant amplitudes 
Vta are listed in Table 5 of Note that in we had chosen (j) — Q. 

The reduced matrix element t\i\_^\{0) will now be expanded into charge or longitudinal, electric and magnetic 
multipoles. For the definition of the multipole decomposition we extend the convention of |^ for real photons to 
virtual ones including charge multipoles as follows 



tx'xA(^) = V^-T^ E E ^('01 - ^'1^' - ^')(1 - ^^^^b - A) Oj'^4._,,_,,(0) , (47) 

L Ij ^ 



where j = + 1, and {jimij2m2\jm) denotes a Clebsch-Gordan coefficient. Here j and I denote total and orbital 
angular momentum, respectively, of a final state partial wave, and L the e.m. multipolarity. Furthermore, Oy"^^ 
contains the electric (-E^), magnetic (Afy) and coulomb or longitudinal (Cy) multipoles according to 

Oj'^ = ^|A,|,i(4 + ^7*^;^) + ^A„oQ^ . (48) 
Thus the various multipole types are obtained from of^^ ' by 

Ctj = 0/5" , (49) 

(i?A^)o = ^(o"±o/;-')- (50) 

Using the orthogonality properties of the c?-' -matrices 0, one finds 

- /oni^ , E^-v.o.vgl"-^A.,A,-A /' d{cos0)ty,^,{e)di {9). (51) 
where we have defined 

r<jij233 _ ( Ji h h \ 

\rai 7712 ^3/ ^ ' 



as a shorthand for a 3j-symbol. From (^) and ( pO[ ) one obtains in detail 

- iE^-A'AA'Ol^o!-A /' d(cOS0)tvOA(eXv(^)> (53) 
A'A -^^1 

{ElM)f^ ^ 1 (l^(_)'+i)_| ^ C%^,^^,Cl':\,_^ |\(cos0)tviA(^)di_i^v(^), (54) 
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where in the latter case use has been made of the parity property 

i^A'-A,-A = (-)'+^' + '^+^iA'A,A . (55) 

The resuhing multipole transitions, which can reach a given partial wave are listed in Table ^ 

For the explicit representation of the multipoles one has to introduce the expansion of the reduced i-matrix into 
invariant amplitudes from (^6|). Factorizing the helicity representation of the invariant amplitudes in a helicity 
independent part and a helicity dependent part tUyx^x listed in Table VI by 

n^.,x'x,x{e)=r^^'x,xiO), (56) 

and introducing 

o2^^^'^(^)=E^-V,0.A'^i!:^A,,A,-A^A"A,A(^)4-A.,A'(^): (57) 
A'A 

one finds for the multipoles the compact form 



''"''V/2(1 + ^A.0) 



d(cos 0) (s, t, u) ol^^^^- (0) , (58) 



where for |A^| = 1 the sum over a runs from 1 through 9 and for = from 10 through 13. The evaluation of the 
Oa''^^^'' (0) is straightforward although somewhat lengthy. With the help of the addition theorem of the -matrices 
one can expand the o'a^^'^'' {9) in terms of Legendre polynomials. Explicit expressions are given in the Appendix 

A. 



V. DIFFERENTIAL CROSS SECTION AND POLARIZATION OBSERVABLES 



For the representation of observables we will take the same formal framework than used in deuteron photo- and 
electrodisintegration following the treatment in 1^0]. Any observable in coherent scalar or pseudoscalar photo- or 
electroproduction off a spin-one target may be given in the form 

Ox -3cTr(Tt6;,rp), (59) 

where the trace refers to the spin degrees of freedom of initial and final states, and c is a kinematic factor explained 
below. Here X characterizes an observable associated with the analysis of the final target spin state. We choose the 
representation X = (/M±) (/ = 0, 1, 2; / > > 0) with a corresponding hermitean operator 



with 



0/Afsig„ = CA/sig^, {r'f} -f sig^^ , (60) 



for sigM = 



\ «, for sigM = - • ^ ' 

Here we have introduced a sign function by sig^^ i, where the subscript M merely indicates to which variable it 
refers. 

The irreducible tensors rl^' are the usual statistical tensors for the parametrization of the density matrix of a 
spin-one particle with normalization (l||r[^l||l) — i.e. in detail 



I3 no polarization, 

I iSl^l vector polarization, (62) 
\/3S'['^l tensor polarization, 



where I3 is the unit matrix, S'^' the spin operator, and S*'^! = [S"'^! x S'l^ljI^l the tensor operator of a spin-one particle. 
In particular, we note the property 
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(ri^V-(-)*^ril. (63) 

Furthermore, the initial state density matrix p is composed from the density matrices of the photon p'^ and the one 
of the spin-one particle p^ 

p = p'r(g,pD _ (64) 
For virtual photons, i.e., electron scattering, the kinematic factor c reads 

where a is the fine structure constant and q^, — — denotes the four momentum transfer squared {q — ki — k2). 
In this case the density matrix is given by 

E (5A.A;Pa + /^<A;P:.), (66) 

Q = {L,T,LT,TT} 

where 



P. = -/3^'Z^|, PLT = -Pql^-f^. (67) 

^^ = "^'^'^^ + 1^)' ^^^ = '^'1^' (68) 



with 



\fflab\ „2 nlab 

^ = W' ^ = "(i%' ^ = ^^^'(^)- (^0) 

Here ^g"** denotes the electron scattering angle in the lab system and /3 expresses the boost from the lab system to 
the frame in which the T-matrix is evaluated and q'^ denotes the momentum transfer in this frame. 

For real photons only the transverse polarization components contribute and the corresponding density matrix for 
real photons is obtained from the one for virtual photons in ( |66| ) by the replacements 



PL 0, PLT 0, p'^j, 0, 

-if 



where and P^ denote the degree of linear and circular photon polarization, respectively. For the kinematic factor 
one has c = 1/3. 

As mentioned above, the density matrix of a spin-one particle is parametrized in terms of the irreducible tensors 



rl^l m spm-one space 



E p2) 



7=0 M=-I 



where Ppj^j characterizes the initial state polarization. In view of the experimental methods for orienting deuterons, 
it is sufficient to assume that the density matrix is diagonal with respect to a certain orientation axis, characterized 
by spherical angles and (po- Then one can write 

PFM = PFe''''^^di,,i9n), (73) 

with the vector {Pf) and tensor (P^) polarization parameters. 
Inserting all these various expressions, one arrives finally at 
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Ox = PxSo 

2 

C 

/=0 



T.P^ E {{pLf['HX) + PTfi^'HX) + PLTfl^'+iX)cOS. 



M=0 



-^PTTfrr iX) cos2(/)j cos(Af<?!) - (^f -) 
' {pltIlt' {X) sin + pttItt' {X) sin 2(/)) sin(M0 " |) 
+ piT/lT'"(^) cose/.) sin(Af0 - 5f^) 



+Plt 



•'LTfLT'^(X) sin0cos(Af0 - 6f^)] }4/o(^d) , 



(74) 



where cj) = cj) — and 5*0 denotes the unpolarized differential cross section while X = (/'M'sig^^/) characterizes the 
final polarization analysis of the spin-one particle. Furthermore, we have introduced 



X.B 



5nf 



and 



for X e A := {00+, 11-, 20+, 21+, 22+} 

1 for X e B {10+, 11+, 21-, 22-} 



(75) 



(76) 



distinguishing two sets of recoil polarization observables A and B according to their transformation under parity. 

The structure functions, which are the basic quantities containing the information on the dynamics of the reaction, 
are defined in complete analogy to [Q where we have expressed all structure functions in terms of real or imaginary 
parts of quantities ^^^'^ defined below. In detail one finds (note Af > 0) 



fLiX) 

f^"'{X) 



rIMs 



rIM: 



(X) 

/^;p"^^^(x) 
f^'Hx) 



1 - 


f Smo 




4 


1 - 


f Smo 




4 


1 - 






2 


1 - 


f Smo 




4 


1- 


f Smo 




4 


1 - 


f Smo 



) 

II m\ 



3fJe 
die 

3fJe 



-11/M 



sigM(-) 



I+M+Sx. 



X ) 



•1+5? (Z^Ol/M ^gig^^(_)/+Af+5.,,^01/-M^ 



where we have introduced for M' > and X ~ I'M'sigj^.j, 



=CM'sig,,,[Uj-'M, +SlgM'(-) i^P-M' ) 



with 



A'A'AA 

The latter quantities possess the following symmetries 

7J^K-^-<^-'^' _ ( \\i+\~,+I+M+I' + M' 1 jK^-iI^^ 
'^I'-M' - {^) ' '^I'M' ' 

f XX-,IM\* _ .m+M't^iK^-M 
y^I'M' J - l^J ^I'-M' 

Combined, these then lead to the property 



(77) 
(78) 
(79) 
(80) 
(81) 
(82) 

(83) 
(84) 

(85) 
(86) 

(87) 
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which has been used in the above representation of the structure functions. 

As next we will evaluate the Ws in terms of the invariant functions Fp. The hcUcity t-matrix element is given in 
terms of the helicity matrix elements of the basic amplitudes 

^A'A^A = ^ -F/3 f^^,A'A^A , (88) 

where /3 = 1, . . . , 9 for |A-y| = 1, and /3 = 10, . . . , 13 for A-y = 0. They have the general form 

n^.A'A^A = U'^Hp', A') c^:^. U'^iP, A) , (89) 



where the quantities c^""'^^ can be read off from the explicit expressions in Tabic VI . They are listed in Table VII and 
possess the symmetry 

ict.r = i-)'^c-':- (90) 



and 



Inserting now these expressions into the defining equation (84) for , one obtains the representation in terms 

of the invariant functions 

i^i^'"' - E G^M^^iM > (91) 

where we have introduced for convenience 

~a;a-,;/3'/3_ a; ,^*~a^ ^vti /q2\ 

QZm = E ^""^V. A) (A|rf; |A) V^^v. A) • (93) 

AA 

With the help of (|63|), one easily proves the property 

(C/m)* = (-)"'C/-m, (94) 

from which follows 

y^i'M'-iM) -\~) ^i'-M';i-M- y^^i 

Details of the explicit evaluation of the G j7j^j, '.^-^j are given in the Appendix B. 

Eq. ( |9l| ) exhibits a clear separation into dynamical properties represented by the invariant functions Fp and kine- 
matics described by the Gj7j^,['','.jj^j because the latter depend on kinematic quantities only, i.e., on the statistical 
tensors of initial and final deuteron polarization states and the basic amplitudes. 

With this representation of all observables in terms of the invariant functions Ffs we will conclude the discussion 
of formal aspects of the invariant amplitudes for electromagnetic coherent pseudoscalar production on a spin-one 
target. It remains as a task for the future to derive explicitly the invariant functions associated with specific reaction 
diagrams, for example, the impulse approximation. 



APPENDIX A: LEGENDRE POLYNOMIAL EXPANSION OF THE MULTIPOLE CONTRIBUTIONS OF 

THE BASIC AMPLITUDES 



In this appendix, we list in Table VIII explicit expressions of the oi'"''*'^'*'"' (9) as expansions in terms of Legendre 



polynomials where we have introduced the following quantities di'"'^^ which arise in evaluating the various helicity 



dependent terms of the w?, , , listed in Table VI 
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= C"^,o,A'ClfiM-A -^A'O-^AO dU,oW 4_,_,, (9) 

A' A 

7 

A' A 

= (-)^+^ [^J''Gf,;jo(i?')Gf;j)i(^)] Pj(cos0), 

J J' 

d^'^iE', 6) = J2C%,o,X'C]^\i-xE\X')SxodUO)dU,oiO)dU^AO) 

A' A 

J J' 

dr''{E, ^) = 5^ci'^,o,,c'3;;:f,_,_,5A'o£;(A)4oWrf-i,oW4-i,vW 

A' A 

= {-r'cll,Y.J" [E-^''^o"o:o<^,;jGg)i(i^)] P.(cos0), 
J J' 

A' A 

df^\E', 0) =E^-A',0,A'Ci:^\,i_A^^'(A')5A0d^,A'W4-l,A'W 
A' A 

= E-^'^^,1,0^«)(^')^'7(COS^), 

J 

4'^")^ij', i;, 0) = ^ci'^,_o_,,C3:fi,_,_,i5'(AO£;(A)4o(^)d^,,(0)4_,_,,(0) 

A' A 

= (-)^+^+"E^' [$:(-)^ J''Gfyjo(i^')Gf;j)i(i;)] P.(cos^), 
J J' 

4'^'" (^) = E ^-A',0,A'ClfiM-A -^A'O <5ai 4-1,A' (^) 



A' A 



^0,0,0 ^1,-^1,0 -Pjlcos ^) , 

^) = ^ci'^,^o_,,ci;:f-,_,_,^'(A')rfjA'W5Ai4-i,A'W 



A' A 



^i',-i,o E ^0:^0 ^(i) PJ (cos 0) , 
J 



A' A 



J 

0) = ^ ci'i^o,A'Clfo^A A' dUi0) X' dUe) E{X) dio{0) 4,A' (^) 



A' A 



J ,7' 

4I^''W = EC-^',0,A'^lfo^A^A'0 A4oW4,A'W 



A' A 



= (-)^+^ ^ t^ooi E ^0% G(Y,)o(M) P.(cos 6) , 
J 
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A' A 

= (-)^ [Y.(-y'j' ^o;'o',o Df;^)iE') Pj{cos9) , (A.13) 
where E' = Eq and E — Ek- Furthermore, we have defined for convenience 

Kd^) ■■ =E(-)'^v-A,oC^l'-A,oe(A), (A.14) 

A 

'^{Kj)7ni'^) ■ ^ X/ '-'A^'rn-A.-m ^A!-m,m-A ^X-L,m-\fl '^W J (A. 15) 
A 

^(S'(^) = E (-)' ^A^-A.-™ Ci;^L,C^^t„.^_, C^^^^o e(A) . (A.16) 

A 

In these expressions e(A) is defined as 

e(A) = M5\x\i+e5x^ 

^{e + M)Sxo-{-)^M. (A.17) 

Inserting this, one finds with the help of sum rules 



Af 

Dl^^ie) : = [e + M)Cl%Cli,-j^Kj, (A.18) 



^{Kj)mi^) ■ — + C'ofm,-m ^0,^-m,m ^-m'^m,0 + ( ^m^-m.O | ^ I 1 j" ' (A. 19) 
^(Kj)m ■ — l,e + JVJ ; L'O.m.-m '-'0,0,0 '-'m,-m,0 '-'0,0,0 

+ (-)^+^Af^ie''c^/o:i™t^^:v|^ J' T|. (A.20) 

K' [ j f 1 J 



APPENDIX B: EVALUATION OF THE KINEMATIC FUNCTIONS G^^^^T 

We will first evaluate Qp'^j^ by using the explicit representation of the spin-one spinors 

U^ip,\)^{u,r^P-'x^^\ (B.l) 

where the nonrelativistic spin-one spinor is denoted by |A) = X\\ ^-iid the vector operator P'^ — (0, P) has been 
introduced in Eq. (65) of We note the orthogonality property 



and the relation 



from which follows 



Furthermore, one has 



PkP^ = Ski , (B.2) 



Pk^Pi = ^ <5,i I3 + ^ eu, - 4^ , (B.3) 



rW = -x/3[pt[ilxpW]W. (B.4) 
(u^r =g'^''~Npri?' (B.5) 



with 
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p'' = MSf"" + Eppf" and Np = 



^ M{Ep + M) 
Then one finds in detail 

where we have defined 

VM I — ^ ^ ■ 



(B.6) 



(B.7) 



(B., 



With the help of (B^) and the orthogonahty property (B^) one finds for the nonvanishing, i.e., purely spatial 
components in spherical representation 



It possesses the symmetry 



For convenience we introduce as abbreviations 



' IM 



' IM-a 



[ah] 



IM 



' IM-b ■ 



From the representation in ( B.9 ) one easily finds 

in the notation of Fano-Racah for irreducible spherical tensors |^. For later purpose we note according to ( B.lOj ) the 
relation 



(B.9) 
(B.IO) 

(B.ll) 
(B.12) 
(B.13) 

(B.14) 



'IM 



'^•^ ~ \) '''iM; a ■ 



In this notation, (B.7) reads 



SpJM — '''iM 



M " Np(p'' ^IM,v + (-)'^/V;pP^) + P^P" M/M 



From (B.IO) follows furthermore 



IM ' 



since [pp\iM = for / = 1. 

For the evaluation of ( |9l| ) the following contractions are useful 

TlM^IM,uii — { — Y^'^ Sji, I 6m', -M , 
[ab]l'M':, IM ■ = t'^M: a d^if TiM; b 

= -3/'/X(-)'^+^icri/,_M,^|i' [ i][c 

JN ^ 

The latter quantity obeys the symmetry 

[ba]iM-I'M' = {-Y ^^[o-ti]i>M':IM ■ 



[^1 X b^fi^ 



(B.15) 
(B.16) 
(B.17) 

(B.18) 
(B.19) 

(B.20) 



In view of the explicit forms of c^]^^ in Table VII, one needs for the evaluation of (91) the following contractions 
introducing for convenience a compact notation 
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[a-Gp- b] 



IM 



[Qp' ■ Gp]l'M'- IM 



[ab]iM ~ Np(^a- p[bp\iM + {-YiapliM b ■ pj 
+Np a-pb- p[pp]iM , 

^p'J'M' SfJ.'1-i 9v'v VpJM 

{-Y^iSr J 5m' ,-M 

-(1 + {-)''+') \Np. [p'p']rM';iM + Np [pp]rM';iM 
+Np, Np {[pp']i'Ai' [p'p]iM + {-Y' p' ■p[p'p]i'M';Im) 
-Nl, Np (1 + {-Y)p' -pip'p'h'M' [p'p]lM 
-Np, Nl (1 + {-Y')p' -pipp'h'M' [pp]lM 
+Np, [p'p]i'M' [pp']iM + Np [ppIi'M' [pp]im 
+N^, Nl ip' ■ p)^[p'p']rM' [pp]iM , 



[(a' • Gp') ■ {Gp ■ b)]i'M'; IM ■ = a'^' GpYi'M' diy'v GpjA.f b 



='p' A' M' i"^^ ='p,IM 

I' \l 



(~) [«'&]/' A/'; /A/ 

~Np, (a' -p' [p'b]i,M';iM + i-Y'^' [a'p']i'M' [bp'Wi) 
~Np ((-)^'+^ [a'p]i'M';iM b ■ p+ [a'p]i,M' Mim) 
+Np,Npi^a'-p' [pp']i'M' [bp]iM + {-Y [a'p']i'M' p' ■ P [bp]iM 
+ {-Y a' ■ p' [p'p]i'M'; IM b-p+ i-Y'^^ [a'p']i'M' [p'p]iM b ■ pj 
+N^, a' ■ p' [p'p']rM' [bp']iM + N^b- p[pp]rM' [a'p]iM 
-Np, Np a' ■ p' [p'p']rM' (p' ■p[bp]iM + {-Y [p'p]im b ■ p^ 
-Np, Nl b ■ p[pp]iM (a' ■ p' [pp']i'M' + i-Y' [a'p']i'M' p' ■ p) 



+N^, N^a' -p'p' -pb-p [p'p']i,M' \pp]iM ■ 



Using (B.17) one finds 



[{Gp' ■ a) ■ (6 • Gp)]i'M':iM : = al, Gp,j,M' 5^'^ QpjM 

- [{a' ■Gp')-{Gp-b)]i,M';iM 



Now it is an easy task and straightforward to evaluate GYm''''iIi- 
longitudinal kinematic functions Gfl^^Y^u^i for P' < f3 



(B.21) 



(B.22) 



(B.23) 



(B.24) 

As an example, we list here explicitly the 



P^00;1010 
^I'M'-IM 




Gp' 


■ S]i,M 


,[k 


Gp 


■ k]iM 


P^00;1011 
'^I'M';IM 


— ^kp[^ 


Gp' 


■ S]i,M 




Gp 


k]iM 


P^00;1012 
^I'M'-IM 




Gp' 


■ k]i'M 


[S 


Gp 


■ k]iM 


P;00;1013 
'^I'M';IM 




Gp' 


■ q]i'M' 


[S 


Gp 


k]iM 


p^OO; 11 11 
^I'M';IM 




Gp' 


■ S]i,M 


'k 


Gp 


q]iM 


P^OO; 11 12 
'^I'M';IM 


— ^kp[^ 


Gp' 


■ k]i'M 


[S 


Gp 


■ q]iM 


p;00; 11 13 
^I'M';IM 




Gp' 


■ q]i'M' 


[S 


Gp 


q]iM 


P^00;12 12 
'^I'M'-IM 


— ^kp[f^ ■ 


Gp' 


k]i'M' 


[S 


Gp 


S]lM 


p;00;12 13 
^I>M';IM 




Gp' 


q]i'M' 


[S- 


Gp 


S]lM 
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-=;00: 13 13 



clpk-Gp' ■q]l'M'[S -Gp ■ S] 



IM 



(B.25) 



with Cfcp — e(0) • p and := £ pak'^ P'^ <f ^ while for (3' > (3 they can be obtained from the symmetry relation in 
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TABLE I. Set of basic types of invariant amplitudes with x,y, z £ {k,p, q} and a,b,c £ {U' , e, U}. 



notation explicit form 

n^ix) S{U',e,U,x) 

ftb{^,y,z) S{U',e,x,y)U-z 

Qc{x,y,z) U' ■ z S(e,U,x,y) 

Q.d[x,y,z) S{U',U,x,y)e- z 

Qeia,b,c) S{a,k,p,q)b ■ c 

Clf{x,y) S{U' ,k,p,q)e- xU ■ y 

Qg{x,y) U' ■xS{U,k,p,q)e-y 

Q.h{x,y) U' ■xS{£,k,p,q)U-y 



TABLE II. Set of independent gauge invariant amplitudes Q, 



a 


notation 


explicit form 


1 


n,{e,U',U) 


S{e,k,p,q)U' ■ U 


2 


Qh{k, k) 


U' ■kS{e,k,p,q)U -k 


3 


0,h(k,q) 


U' ■ks\t,k,p,q)U ■ q 


4 


Qh{q,k) 


U' ■qS{e,k,p, q)U-k 


5 


^h{q,q) 


U' ■qS{e,k,p,q)U -q 


6 


D.b{k,p, k) 


S{U',e,k,p)U ■ k 


7 


ilb{k,p, q) 


S{U' ,e,k,p)U ■ q 


8 


Qc{k,p, k) 


U' ■kS{e,U,k,p) 


9 


Q,c{k,p, q) 


U' ■ qS{e,U,k,p) 


10 


f2b(fc, q, k) 


S{U\e,k,q)U ■ k 


11 


Qb{k,q,q) 


S{U',e,k,q)U ■ q 


12 


Qc{k,q,k) 


U' ■ k 5(e, U, k, q) 


13 


Q.c{k,q,q) 


U' ■qS{e,U,k,q) 
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TABLE III. Equivalent set of independent gauge invariant longitudinal amplitudes Qa for electroproduction. 



a notation 




explicit form 


10 k-pQ.f{k,k)-k^nf{p,k) 

11 k-pnf{k,q)-k^nf{p,q) 

12 k-pQ.g{k,k)-k^ng{k,p) 
16 k ■ pllg[q, k) — k ilg[q,p) 




S{U' ,k,p,q)U ■k[k,e;p,k] 
S{U',k,p,q)U ■q[k,e-p,k] 
U' ■ kS{U,k,p,q)[k,e;p,k] 
U ■ qb(U,k,p,q)[k,e;p,k\ 


TABLE IV. Alternative set of independent gauge invariant amplitudes Qa 
P={p + p')/2 and S{x) is defined in @. 


with simple 


crossing properties, where 


a basic amplitudes 




explicit form 


3 Qh{k,q) + Qh{q,k) 

4 rih(fc,g) - fih(g,fc) 

6 nb{k,P,k) + Qc{k,P,k) 

7 nb{k,P,q) + ncik,P,q) 

8 nc{k,P,k) -nc{k,P,k) 

9 nc{k,P,q) ~nc{k,P,q) 




S{e,k,p,q){U',U;k,q} 
S{e,k,p,q)[U',U;k,q] 
[U',U;S{P),k] 
[U',U;S{P),q] 
{U',U;S{P),k} 
{U',U;S{P),q} 


10 nb{k,q,k) + ncik,q,k) 

11 f2i,(fc,g,g) + Qc(fc,q,g) 

12 ilb(k, q, k) — ilc(k, q, k) 




[U',U;Siq),k] 
[U',U;'S{q),q] 
{U ,U ■,S(q),k} 
W U ■ S(a) a} 


TABLE V. Selection rules for multipolc transitions of order L to a 


given partial 


wave 


I L (charge/electric) 




L (magnetic) 


J - 1 j 

3 J - 1, j + 1 
j + 1 j 




i - 1, j + 1 
j 

J - 1, j + 1 
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TABLE VI. Representation of the helicity matrix elements of the invariant amplitudes in factorized form 



a 






1 




[p'pSyoSxo - E'{\')E{X)dly{e)] d^A^oW 


2 


i 1 9 


A^ [qko Sx'o + kE'{\') d^y (9)] dl^^oWSxa 


3 




X-r [qko Syo + kE'{\') dly {e)][kqo <5ao + qE{\) 4o(^)] rf-A,o(e) 


4 




A7 ^A'O^AO d-A^o(^) 


5 


l^kq's 


A^ 5yo [kqo 5x0 + qE{\) d\o(e)] d\x,o{d) 


6 




X,E'{X')Sxod\,_^^y{e) 


7 


ky/s 


A^ B'(A') [kqo 5x0 + qE{\) dioiO)] dl^_^^y{e) 


8 




X-y [qkodyo + kE'iy)dlym5xx, 


9 


i^kqs 


X-Y Sx'o 5x^x 


10 




X' dl,o{e) 5x,oSxo 


11 


il^k\s 


X' dl,o{9) 5x^0 [kqo 5x0 + qE{X) dio{0)] 


12 


-jjVK^k^qs 


X [qko 5yo + kE'iX') dly (9)] 5x^0 dio{e) 


13 




X5yo 5x^0 dlo{d) 



TABLE VII. Explicit expressions for the quantities c^],^ defined in ( pSj ) for transverse (|A-,| = 1 and f3 = 1,...,9) and 
longitudinal (A^, = and P — 10, ... , 13) contributions with c^p = e(0) ■ p, S''^''^ := ^(eA.^ , k,p, q) and := e^ivpak^p'^q" . 



p 


explicit form 


P 


explicit form 


P 


explicit form 


1 




6 


S fxki/ 


10 


S f_ikuCt^p 


2 




7 


Sfj,qv 


11 


qiiCkp 


3 


kpq^S^^-'^ 


8 


kfj. Si/ 


12 


k^S [yCkp 


4 


q^k.S^^-i^ 


9 


—qp.Sv 


13 


q^SijCf^p 


5 
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TABLE VIII. Explicit expressions for a'a'^^^'' (9) defined in (||) with = 1 for a = 1, . . . , 9 and = for q = 10, . . . , 13. 







1 




2 




3 


fcofegogdf ^(f) + fc'go df^C-^,, + fcog^ d^l'^'^iEk, 9) + kqd'i'^'' [E^, Ek, 9) 


4 


1 V / 


5 


kqo d[^^^^ (9) + n d'-J:^^^ (Ek, 9) 


6 


£^^^(E„, 9) 


7 
8 

9 


kqodi'^^^lEa, 9) +qdi'^^^(Ea, Et, 9] 


10 




11 




12 


koqd^^P''{9) + kd^^P''{E„ 9) 


13 


ST [9) 




FIG. 1. Diagram for coherent electromagnetic production of a pseudoscalar particle 11 on a spin-one particle D. The arrows 
labeled s and t indicate s- and t-channels. 
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